In earlier works, the gauge theorem was proved for additive functionals of Brownian motion of the form f ~o q(Bs)ds, where q is a function in the Kato class.
In order to make this precise, however, one must check that exp(A(zD)) is integrable. Chung and Rao initiated the study of this problem for one dimensional Brownian motion, and since then, many authors have examined this question for Brownian motion in R e and for more general Markov processes. See for example, [1, 3, 5, 6, 7, 9, 13, 14] and the references therein. The basic result has come to be known as the gauge theorem, and it can be stated for Brownian motion as follows. Gauge theorem. Let The assumption that # is in the Kato class implies that its associated additive functional At is of bounded variation: this is crucial in all the arguments in the references above since A t is then the distribution function of a signed measure. However, there are many naturally occurring additive functionals which are not of bounded variation. How can these be investigated, and is there still a gauge theorem?
In this article, we prove the gauge theorem holds for a large class of continuous additive functionals of zero energy which are generally not of bounded variation (although our gauge theorem includes the one stated above as a special case). See Theorem 3.8. Interestingly, our additive functionals are not even semimartingales, so stochastic calculus is of little use in this context.
The gauge theorem is formulated and proved only for a bounded domain D in this paper, but the argument, with some minor changes, can be used to prove a gauge theorem for any domain D of finite Lebesgue measure.
The contents of this paper are organized as follows: Sect. 1 serves as a preparation. It contains the necessary definitions and some basic results (the only new result in this section is perhaps Theorem 1.9). Section 2 contains some important properties of the class of additive functionals under study, and these properties will be crucial in proving the gauge theorem. Section 3 contains the gauge theorem and some important consequences of it.
In a subsequent article, we shall study the generalized Schr6dinger semigroups corresponding to this general class of additive functionals and apply the gauge theorem to solve the Dirichlet problem associated with generalized Schr6dinger operators.
Preliminaries
In this paper we shall always assume that X = (f2, ~, ~t, Xt, Or, px) is a standard Brownian motion in R e, d > 3, and that (N, H 1 (Rd)) is the regular Diriehlet form associated with X. The Sobolev space H 1 (R d) is defined by 
HI(R d) = {u~L2(Rd
by Lemma 1.3.4 of [10] we know that GI(1F'#)~HI(Ra). Therefore, for any v e C~ ~ (Ra),
R a
Thus IF" It ~ So.
(1.5) Corollary.
If a Radon measure It is in Ka, then It does not charge polar sets.
Therefore it follows from [12] that for any Radon measure # in Ka, there exists a unique positive continuous additive functional A = (At)t> 0 of X such that
for all v-excessive (~ > 0) functions h and all nonnegative Borel functions f on R a. Suppose now that It~Ka. Let (At +) and (At-) be the positive additive functionals associated with It+ and It-respectively in the manner of (1.6). If we set At = A + -A;-, then (At) is a continuous additive functional of bounded variation. We shall call (A,) the continuous additive functional associated with It.
Let u E H 1 (R a) be bounded and continuous. Then from [10] we know that
is a continuous additive functional of zero energy. In general, A[ ul is not of bounded variation. We shall call (A[ "~) the continuous additive functional of zero energy generated by u.
Remark. If one wishes to prove the gauge theorem for a domain which is only assumed to be of finite Lebesgue measure, the continuity of u in the definition above should be strengthened to uniform continuity.
( 
Then u ~ H a (R d) and it is bounded and continuous. Furthermore it tends to zero at infinity, so it is uniformly continuous. It is easy to see that whenever t < to. Consequently
whenever t < to. The proof is now complete.
Additive functionals generated by admissible functions
From now on we are going to fix an admissible function u. We shall write At in place of AI ul when there is no confusion. Define e(t) = exp(Al"l) .
Then (e(t)),~ o is a continuous multiplicative functional of X. The proof is now complete.
An immediate consequence of (2. ' from which (2.6) follows. Now, we are going to prove (2. 
Choose a fl > 0 such that e-P(1 + q) < 1. We know that there exists a ~ > 0 such that if the Lebesgue measure of B is less than 6, then sup PX(1 < ZB) ----< e -2a 
P~(n < ZB) < e -2"p
Using this we get 1+1/ sup EX{e(vB)} < x~Rd = 1 --(e-P(1 + ~/))' from which the conclusion of the theorem follows. Clearly, for each n > 0, g. is a bounded universally measurable function and
The following result is not directly related to the gauge theorem, but we will use it to derive some consequences of the boundedness of the gauge function.
Proof Since u is admissible, we know that the function
is bounded by a constant M on R d. Then we have
Thus the assertion is true. With our preparations so far we can prove the following result which is the counterpart of Theorem 1 of [-7] . In fact, the proof there carries over to our case with one minor modification. We give the complete proof here for the reader's convenience. Remark. Again D can be replaced by D* in the theorem above.
Now we are going to give some important consequences of the boundedness of the gauge function. But first we give a lemma which will be needed below. Proof. Similar to that Lemma 9 of [7] .
The following assertion looks much stronger than the assumption that the gauge function is bounded. where C = sup~RdE~{supt_< 1 e(t)} and C(1) is specified by (3.9) . Thus the assertion is true. where C(1) is specified by (3.9) . Thus the assertion is true.
The following result gives several properties that are equivalent to the boundedness of the gauge function. It is counterpart of Theorem 6 of [7] , and the proof there can carry through to our case with some minor modifications. 
